Hill's Conjecture states that the crossing number cr(K n ) of the complete graph K n in the plane (equivalently, the sphere) is 1 4 n 2 n−1 2 n−2 2 n−3 2 = n 4 /64+O(n 3 ). Moon proved that the expected number of crossings in a spherical drawing in which the points are randomly distributed and joined by geodesics is precisely n 4 /64 + O(n 3 ), thus matching asymptotically the conjectured value of cr(K n ). Let cr P (G) denote the crossing number of a graph G in the projective plane. Recently, Elkies proved that the expected number of crossings in a naturally defined random projective plane drawing of K n is (n 4 /8π 2 )+O(n 3 ). In analogy with the relation of Moon's result to Hill's conjecture, Elkies asked if lim n→∞ cr P (K n )/n 4 = 1/8π 2 . We construct drawings of K n in the projective plane that disprove this.
Introduction
Hill's conjecture [5] states that the crossing number cr(K n ) of the complete graph K n in the plane (equivalently, the sphere) is 1 . This has been verified only for n ≤ 12 [3, 10] .
An elementary counting argument shows that cr(K n )/n 4 ∞ n=1 is a non-decreasing sequence. Since a K 4 induced by four vertices of K n defines at most one crossing, we have the trivial bound cr(K n ) ≤ n 4 , and so the plane constant c R 2 := lim n→∞ cr(K n )/n 4 exists. The asymptotic version of Hill's conjecture then reads
In an interesting development, Moon [9] proved that the expected number of crossings in a spherical drawing in which the points are randomly distributed and joined by geodesics is n 4 64 + O(n 3 ). Inspired by this exact match of the leading term (the coefficient of n 4 ) in Hill's conjectured value, it makes sense to consider models of random drawings of the complete graph in other surfaces. In this paper we concern ourselves with the crossing number cr P (K n ) of K n in the projective plane P .
1.1. Drawings of K n in the projective plane. Recently, Elkies [2] described a natural extension of Moon's model in the projective plane. We quote: "Place v points p i randomly on the sphere S, and let p i be the corresponding points on P . Connect each pair of points p i , p j with a shortest path, which is the image on P of the great-circle arc on S joining p i to either p j or − p j [the antipodal point of p j ], whichever is shorter. We show [. . . ] that any two such paths that do not share an endpoint cross with probability 1/π 2 ."
The same argument as for the plane crossing number cr(K n ) of K n shows that the projective plane constant c P := lim n→∞ cr P (K n )/n 4 exists. Elkies's natural random model for drawing K n in the projective plane in particular implies that (1) c P ≤ 1 8π 2 , and he asked if 1/8π 2 might be the actual value of c P . (We note that Elkies investigated the number lim n→∞ 8cr P (K n )/n 4 = 8c P , and asked if 8c P = 1/π 2 .) Keeping in mind Moon's success of finding in his random model the same leading coefficient 1/64 as in Hill's conjecture, indeed it makes sense to wonder: (2) c P ? = 1 8π 2 . Elkies's result (1) improves the upper bound c P < 13/1028, obtained by Koman [7] . As Elkies points out, his bound is about 0.25% better than Koman's bound.
1.2. Our main result. Using a refinement of Koman's construction, we show that equality does not hold in (2):
The relevance of this result is not merely because we obtain a better upper bound for c P , as our improvement over Elkies's bound is rather marginal. Its importance is that it shows that the natural extension of Moon's random model to the projective plane does not yield (asymptotically) optimal drawings of K n in the projective plane.
1.3.
Structure of the rest of this paper. In Section 2 we describe, for each integer n such that n ≡ 2 (mod 8), and parameters α, β ∈ [0, 2], a drawing D(α, β, n) of K n in the projective plane. (As we will see below, there are restrictions on α and β that depend on n.)
The proof of Theorem 1 is in Section 3. We start by giving the expression for the crossing number cr P (D(α, β, n)) of D(α, β, n), for α, β ∈ [0, 2] and n ≡ 2 (mod 8). The calculations leading to this expression are totally elementary, if somewhat tedious. To avoid an interruption of the main discussion, these calculations are deferred to Section 4. To prove Theorem 1, we simply give explicit values α 0 of α and β 0 of β such that cr P (D(α 0 , β 0 , n)) = c · n 4 + O(n 3 ), for some c < 1/8π 2 .
As we mentioned above, our drawings are a refinement of Koman's drawings in [7] . In Section 5 we explain why we could tell right away from Koman's calculations that his construction could be adapted to yield drawings with fewer crossings. Also in that section we describe further generalizations of our own construction.
2.
The drawings D(α, β, n) of K n in the projective plane
In this section we describe a construction that yields drawings of K n in the projective plane, for n ≡ 2 (mod 8). This is a generalization of Koman's construction in [7] , and depends on two parameters α, β with α, β ∈ [0, 2]. (Koman's construction is obtained by setting α = β = 1.) As in [7] , these drawings are obtained by first constructing a plane drawing, and then suitably identifying the sides of a polygon in this plane drawing. We start by describing this plane drawing, the auxiliary model.
2.1.
The auxiliary model A(α, β, n). For the rest of the paper, n ≥ 10 is a positive integer such that n ≡ 2 (mod 8), and k is the integer such that n = 8k + 2.
We construct the auxiliary model A(α, β, n) as follows. As illustrated in Figure 1 , we start with three concentric circles W, V , and U . Place 4k + 1 vertices (the w-vertices) w 0 , . . . , w 4k evenly distributed in the circle W , in this clockwise order, where w 0 is the highest point of W . Then place 4k + 1 vertices v 0 , . . . , v 4k (the v-vertices) evenly distributed in the circle V , in this clockwise order, where v 0 is the lowest point of V . Finally, place 4k + 1 vertices u 0 , . . . , u 4k (the u-vertices) evenly distributed in the circle U , placed in this clockwise order, where u 0 is the lowest point of U .
w 0 Figure 1 . The layout of the vertices w i , v i , and u i for i = 0, . . . , 4k in the auxiliary model A(α, β, n). Now let α, β ∈ [0, 2] be numbers such that αk and βk are integers. (That is, α(n − 2)/8 and β(n − 2)/8 are integers.) We construct the model plane drawing A(α, β, n) by joining some pairs of vertices in {w 0 , . . . , w 4k , v 0 , . . . , v 4k , u 0 , . . . , u 4k } with edges, which we colour for easy reference. The reader may wish to take a look at Figure 5 to get a flavour of the final product of the construction for the particular case n = 10 and α = β = 1.
In the descriptions of the edges, we use the following notation. See Figure 2 for an illustration. Let i ∈ {0, . . . , 4k}, and let r ≤ 2k be an integer. We use w i⊕r to denote the r-th vertex w j that we encounter as we traverse the circumference W clockwise, starting at w i . We follow the convention that w i is the zero-th vertex that we encounter in this traversal, and so w i⊕0 = w i . Similarly, We use w i r to denote the r-th point w j that we encounter as we traverse the circumference W counterclockwise, starting at w i . Thus, for instance, w (4k−1)⊕3 = w 1 , and w 2 3 = w 4k . This ⊕ and notation is analogously extended to the vertices v i and u i .
We use W V to denote the annulus bounded by W and V . Similarly, V U is the annulus bounded by V and U , and W U is the annulus bounded by W and U .
We join pairs of vertices in {w 0 , . . . , w 4k , v 0 , . . . , v 4k , u 0 , . . . , u 4k } with edges that we colour green, red, brown, blue, and black, according to the following rules. We refer the reader to Figure 2 . The green edges. For each i = 0, . . . , 4k, we join the vertex v i with the 2αk + 1 u-vertices that are closest to v i . That is, we join v i with u i αk , . . . , u i 1 , u i , u i⊕1 , . . . , u i⊕αk . These edges are green, and are drawn inside V U .
The red edges. For each i = 0, . . . , 4k, we join the vertex v i with the 2βk v-vertices that are closest to v i . That is, we join v i with v i βk , . . . , v i 1 , v i⊕1 , . . ., v i⊕βk . These edges are red, and they are drawn inside V U .
The brown edges. For each i = 0, . . . , 4k, we join the vertex w i with the 2(2 − α)k u-vertices that are closest to w i . That is, we join
These edges are brown, and they are drawn inside W U so that they cross the straight segment that joins v i⊕2k and v i⊕2k+1 .
The blue edges. For each i = 0, . . . , 4k, we join the vertex w i with the 2(2 − β)k v-vertices that are closest to w i . That is, we join
These edges are blue, and they are drawn inside W V .
The black edges. For each i, j = 0, . . . , 4k, i = j, we join the vertex u i with the vertex u j (say with a straight segment) inside the disk bounded by U .
In Figures 3 and 4 we give illustrations for some specific values of n, α, and β. Figure 3 . On the left hand side we illustrate the red and green edges incident with v 0 , and the blue and brown edges incident with w 0 , for the case n = 18 (that is, k = 2) and α = β = 1. On the right hand side we illustrate the red and green edges incident with v 3 , and the blue and brown edges incident with w 3 . Figure 4 . On the left hand side we illustrate the red and green edges incident with v 0 , and the blue and brown edges incident with w 0 , for the case n = 26 (that is, k = 3) and α = 4/3 and β = 2/3. On the right hand side we illustrate the red and green edges incident with v 5 , and the blue and brown edges incident with w 5 .
As a full example, in Figure 5 we illustrate the model plane drawing A(1, 1, 18), that is, the case in which α = β = 1 and n = 18, and so k = 2. Figure 5 . The auxiliary model drawing A (1, 1, 18) . Each pair of opposite edges and opposite vertices of the thick blue polygon are identified to obtain the drawing D(1, 1, 18) of K 18 in the projective plane (the part outside this polygon is discarded).
2.2.
The drawing D(α, β, n) in the projective plane. From the model plane drawing A(α, β, n) we obtain a drawing D(α, β, n) in the projective plane as follows. First, we discard the part of A(α, β, n) outside the polygon w 0 v 2k+1 w 1 v 2k+2 · · · w 4k v 2k . In the example in Figure 5 this is the thick blue polygon
Then we identify each pair of opposite edges and each pair of opposite vertices in the polygon. That is, we identify the vertices w i and v i for i = 0, . . . , 4k, and also identify each edge w i v j of this polygon with the edge w j v i . Thus the pairs of edges that get identified are the pairs
In the example in Figure 5 , for instance, we identify the edges w 0 v 5 and w 5 v 0 .
It is worth noting that these identified edges contain blue-blue crossings (crossings of a blue edge with a blue edge), and so the blue edges in the model drawing A(α, β, n) must be drawn so that the identification of these crossings is possible.
The result of this process is the drawing D(α, β, n) of K n in the projective plane.
Proof of Theorem 1
To prove Theorem 1 we simply exhibit numbers α 0 and β 0 such that the number cr P (D(α 0 , β 0 , n))
Calculating cr P (D(α, β, n)) is a routine exercise, if somewhat tedious. In order to continue with the proof of Theorem 1 we just give this number (asymptotically) in the following statement, and devote the next section to the elementary calculations leading to it.
For the next claim, we recall that the drawing D(α, β, n) is defined for integers n such that n = 8k + 2 for some integer k, and for those α, β ∈ [0, 2] such that αk and βk are integers, that is, α(n − 2)/8 and β(n − 2)/8 are integers.
Claim 2. Let n ≡ 2 (mod 8), and let α, β ∈ [0, 2] be such that α(n − 2)/8 and β(n − 2)/8 are integers. Then
We remark that the expression f (α, β) clearly can be simplified, but we chose to present it in this way to allow for an easier verification: these terms match in the given order the terms in which we will later express the exact value of cr P (D(α, β, n)) (see proof of Claim 2 in the next section).
Proof of Theorem 1. Let n be an integer such that n ≡ 2 (mod 80). (Thus in particular n ≡ 2 (mod 8)). Note that for each such n we have that 1.1 · (n − 2)/8 is an integer, and obviously also 1 · (n − 2)/8 is an integer, and so the drawing D(1.1, 1, n) exists.
By Claim 2,
).
An elementary calculation shows that cr P (K n )/n 4 ∞ n=1 is a non-decreasing sequence. Thus the previous expression implies that c P < 0.0126. Since 0.0126 < 1/8π 2 ≈ 0.012665, it follows that c P < 1/8π 2 .
Proof of Claim 2: the number of crossings in D(α, β, n)
The crossings in A(α, β, n) (and hence the crossings in D(α, β, n)) are of nine types: greengreen, red-red, brown-brown, blue-blue, black-black, red-green, red-brown, blue-brown, and green-brown. Obtaining the number of crossings in D(α, β, n) from the crossings in A(α, β, n) is quite easy, in view of the following observation, which is an immediate consequence of the way we obtain D(α, β, n) from A(α, β, n).
Remark 3. The number of each type of crossings is the same in D(α, β, n) as in A(α, β, n), with the exception of the blue-blue crossings: the number of blue-blue crossings in D(α, β, n) is half the number of blue-blue crossings in A(α, β, n).
Recall that k is the integer such that n = 8k + 2. We have the following statements, whose proofs are deferred for the moment. (We shall only give the proofs of (A)-(G), as the proofs of (H) and (I) are totally analogous to the proof of (G).)
(D) The number of red-green crossings in A(α, β, n) is (4k + 1)(2αk + 1) βk 2 .
(E) The number of green-brown crossings in A(α, β, n) is 2(4k + 1) 
Recalling that k = n−2 8 , a straightforward manipulation of this expression shows that the coefficient of n 4 in cr P (D(α, β, n)) is f (α, β) in Claim 2.
We conclude the section by proving statements (A)-(G). In the proofs, we say that a vertex x is incident with a crossing if it is incident with one of the edges involved in the crossing.
Proof of (A). The total number of black-black crossings is 4k+1 4 , because there are 4k + 1 u-vertices, and every set of four u-vertices defines a black-black crossing.
Proof of (B). We show that the number X of crossings of red edges incident with v 0 by red edges is 2βk 3 . Since there are 4k + 1 v-vertices, and each red-red crossing involves four vvertices, by symmetry this implies that the total number of red-red crossings in A(α, β, n) is (1/4)(4k + 1) 2βk 3 , as claimed. Let h < j < c be from {1, 2, . . . , 2βk}. Half these triples have j ≤ βk. For this half, we will associate a red-red crossing involving v 0 v j and an edge incident with v h . Let i be the (c − j) th element of the list h (βk + 1), h (βk + 2), . . . , 4k, j + 1, j + 2, . . . , h ⊕ βk. In this way, the triple (h, j, c) corresponds precisely to the crossing v 0 v j with v h v i .
If j > βk, then we set h = 4k + 1 − c, j = 4k + 1 − j, and c = 4k + 1 − h to get the symmetric situation on the other side of v 0 . Then v 0 v j crosses v h v i , with i the (c − j ) th entry in the list h (βk + 1), . . . , j 1, 1, 2, . . . , h ⊕ βk. Therefore X = 2βk 3 , as claimed.
Proof of (C). We show that the number of blue-brown crossings that involve a brown edge incident with w 0 is 4k(2 − α) 2k−βk 2 . Since there are 4k + 1 w-vertices, by symmetry this implies that the total number of blue-brown crossings in A(α, β, n) is 4k(4k + 1)(2 − α) 2k−βk 2 , as claimed.
A blue-brown crossing of the brown edge w 0 u j with the blue edge w h v i occurs when either
Notice that j is irrelevant, so that each blue edge crossing one brown edge incident with w 0 crosses all 2(2 − α)k brown edges incident with w 0 . Thus, the problem boils down to counting the number of pairs (h, i). This is twice the number with h > 0, which we count here. Proof of (D). We show that the number X of crossings of green edges incident with v 0 by red edges is (2αk + 1) βk 2 . Since there are 4k + 1 v-vertices, by symmetry this implies that the total number of red-green crossings in A(α, β, n) is (4k + 1)(2αk + 1) βk 2 , as claimed. We count the crossings of the green edge v 0 to u j with red edges v h v i . As in the blue-brown case, a red edge crosses either all 2αk + 1 or none of the green edges incident with v 0 . We choose the labelling of each pair (i, h) of indices so that h ∈ {1, 2, . . . , βk − 1} and h βk ≤ i ≤ 4k.
For each pair i < h chosen from {1, 2, . . . , βk}, set h = βk + 1 − h and i = 4k + 1 − i . Then i = 4k + 1 − i > 4k + 1 − h = (4k + 1) (βk ⊕ 1 h) = h (βk + 1), as required. It follows that there are βk 2 pairs (i, h), and so X = (2αk + 1) βk 2 , as claimed.
Proof of (E). We show that the number of green-brown crossings that involve a brown edge incident with w 0 is 2 2k+1
. Since there are 4k +1 w-vertices, by symmetry this implies that the total number of green-brown crossings in A(α, β, n) is 2(4k+1) For any j and c with j < c, we have that α + 2 ≤ j ≤ c − 1 = (h + αk + 1) − 1 = h + αk. The upper bound j ≤ h + αk is precisely the upper limit on the green neighbours of v h . On the other hand, j ≥ αk + 2 and h ≤ 2k. Since v 2k has u 2k−αk as a neighbour and α ≥ 1, (2 − α)k < αk + 2, so all the possibilities for j and c yield a green edge.
The brown edge w 0 u i requires i ∈ {αk + 1, . . . , (4 − α)k}, so the triples with i > (4 − α)k do not count. There are (αk+2k+1−(4−α)k 3 triples with i > (4 − α)k. Thus, the number of brown-green crossings incident with w 0 is 2 2k+1 3 − 2(α−1)k+1 3 , as claimed. A very similar argument applies to α < 1, starting with v 0 , w h , u i , u j .
Proof of (F). We show that the number of red-brown crossings incident with w 0 is 2k(2−α) βk+1 2
. Since there are 4k + 1 w-vertices, and each red-brown crossing involves exactly one wvertex, by symmetry it follows that the number of red-brown crossings in A(α, β, n) is 2k(4k + 1)(2 − α) βk+1 2 , as claimed. Each red-brown crossing incident with w 0 involves v i and v j with i ∈ {2k, 2k − 1, . . . , 2k − βk + 1} and j ∈ {2k + 1, 2k + 2, . . . , i + βk}. Each such v i v j crosses all the brown edges incident with w 0 .
Let i < j be from {0, 1, 2 . . . , βk}. We choose i = 2k − i and j = i + j = 2k − i + j . Then i ∈ {2k, 2k − 1, . . . , 2k − βk + 1} and 2k + 1 ≤ j ≤ i + βk.
Since w 0 has degree 2(2 − α)k, there are 2(2 − α)k βk+1 2 brown-red crossings with brown edge incident with w 0 , as claimed.
Proof of (G). We show that the number X of green-green crossings incident with v 0 is 2 2αk+1 3 .
Since there are 4k + 1 v-vertices, and each green-green crossing involves two v-vertices, by symmetry it follows that the number of green-green crossings in A(α, β, n) is (1/2)(4k + 1)X = (4k + 1) 2αk+1 3 , as claimed.
To calculate X, we show that the number Y of green-green crossings of the form v 0 u j with v h u i that have h ∈ {1, 2, . . . , 2k} is 2αk+1 3 . Since clearly Y = X/2, this implies that X = 2 2αk+1 3 .
In the case α ≤ 1, there are no green-green crossings of the form v h u i for i ≥ h and h ≥ αk. (This is different in the case α > 1, which we treat below). The crossing v 0 u j with v h u i occurs if and only if h ∈ {1, 2, . . . , 2αk − 1}, i ∈ {h − αk, h − αk + 1, . . . , αk − 1}, and j ∈ {i + 1, . . . , αk}. Such a triple (h, i, j) corresponds to the triple (h, i + αk + 1, j + αk + 1) (so h < i < j) and this latter triple is from {1, 2, . . . , 2αk + 1}. Thus, there are 2αk+1 3 triples, and so Y = 2αk+1 3 , as claimed.
For α > 1, the situation is somewhat different. Recall that the goal is to calculate the number Y of green-green crossings of the form v 0 u j with v h u i that have h ∈ {1, 2, . . . , 2k}. For h + αk ≤ (4 − α)k + 1, there are only the crossings as identified in the α ≤ 1 case; these also occur up to h = 2k. However, for h + αk > (4 − α)k + 1, we also have the crossings v 0 u j with v h u i for i ∈ {h + αk, h + αk − 1, . . . , (4 − α)k} and j ∈ {i − 1, i − 2, . . . , (4 − α)k + 1}.
The former apply for all h = 1, 2, . . . , 2k, while the latter apply only for h = 2(2 − α)k + 2, 2(2 − α)k + 3, . . . , 2k. For the former triples (h, j, i), set h = 2αk + 2 − h, j = αk − j, and i = αk − i. We see that
For the remaining triples (h, j, i),
, as claimed.
Concluding remarks
We finally explain why a glance at Koman's calculations revealed to us that his constructions could be adapted to yield drawings with fewer crossings, and we explore further refinements of our own constructions and their impact on obtaining better estimates for c P .
The responsibility of vertices in crossing-minimal drawings of complete graphs.
We recall that the responsibility of a vertex v in a drawing D is the number of crossings on edges incident to v. Many results on crossing numbers of complete graphs and complete bipartite graphs rely crucially on observations about the responsibility of vertices in crossing-minimal drawings. See for instance [1, 4, 6, 8] , and Sections 1.2 and 1.3 in [11] .
Essentially the same arguments that show that the plane constant c R 2 and the projective plane constant c P exist, show that for each surface Σ the constant c Σ := lim n→∞ cr Σ (K n )/n 4 exists. There is a simple proof that the following holds for each surface Σ:
Observation 4. For each n, let r n be the responsibility of any vertex in a crossing-minimal drawing of K n in Σ. Then c Σ = lim n→∞ r n /4n 3 .
Thus, roughly speaking, all vertices in a crossing-minimal drawing of K n have essentially the same responsibility.
As we have mentioned, Koman's drawings [7] are a particular instance of our drawings D(α, β, n): they are obtained by setting α = β = 1. In this case, as reported in [7, Eq. (23)], half the vertices have responsibility 19 384 n 3 + O(n 2 ), and the other half have responsibility 20 384 n 3 +O(n 2 ). Thus Koman's construction implies that cr P (K n ) ≤ (1/4) (n/2)( 19 384 n 3 +O(n 2 ))+ (n/2)( 20 384 n 3 + O(n 2 )) = 39 3072 n 4 + O(n 3 ), and so c P ≤ 39 3072 . In general, if we have drawings of K n in a surface Σ in which half the vertices have responsibility p · n 3 + O(n 2 ), and the other half have responsibility q · n 3 + O(n 2 ), it easily follows that c Σ ≤ (1/8)(p + q). However, the following simpler variant of Observation 4, which is also not difficult to prove, claims that this last inequality must be strict if p = q.
Observation 5. Let Σ be a surface. Suppose that for each positive integer n there is a drawing of K n in Σ in which half the vertices have responsibility p · n 3 + O(n 2 ), and the other half have responsibility q · n 3 + O(n 2 ), where p and q are constants, p = q. Then c Σ < (1/8)(p + q).
From this observation it follows that Koman's drawings are not asymptotically optimal. Elkies's recent result motivated us to refine Koman's construction and work out the corresponding calculations.
Further generalizations of Koman's construction.
To show that the projective plane constant c P is strictly smaller than 1/8π 2 , we proved the inequality c P < 0.0126. Our aim was only to show that c P < 1/8π 2 , but we could have easily obtained a better upper bound than c P < 0.0126. Indeed, it is not difficult to see that
where f (α, β) is as in Claim 2. Our bound c P < 0.0126 follows since f (1.1, 1) < 0.0126, but one can easily find values α 0 and β 0 such that f (α 0 , β 0 ) < f (1.1, 1).
We decided against pushing this further for three reasons. First, as we have mentioned, our chief goal was to show that c P < 1/8π 2 . Second, in order to obtain better estimates for min α,β∈[0,2] f (α, β) one must use numerical tools, as f (α, β) is a polynomial of degree three in two variables, and there does not seem to be a closed expression in terms of α and β in which min α,β∈[0,2] f (α, β) is attained.
The third reason, and the most important one, is that we know that c P is strictly smaller than min α,β∈[0,2] f (α, β). Indeed, our refinement of Koman's construction admits a further generalization that yields even better estimates for c P . One can prescribe that the number of w-vertices (which is the number of v-vertices, as they get identified to obtain D(α, β, n)) in A(α, β, n) is not necessarily the same as the number of u-vertices.
Such a generalized construction involves three parameters: besides α and β, the additional parameter is the ratio between the number of w-vertices and the number of u-vertices. We worked out the calculations to obtain the number of crossings in these drawings, and verified that for suitable choices of these parameters they have strictly fewer crossings than D(α, β, n).
For some time we entertained the possibility of presenting this more general construction, but we ended up realizing this was not a good idea, for several reasons. First of all, the description of the construction itself is slightly more complicated than the description of the drawings D(α, β, n). The calculations to obtain the number of crossings in these drawings, although still totally elementary, naturally are also longer. Moreover, the improvement on c P is very marginal (we could show, for instance, that c P < 0.012547).
Most importantly, all these considerations would have been overcome, and we would have chosen to present the full generalization of Koman's construction, if we had any reason to believe that these constructions yield drawings of K n in the projective plane that are (at least asymptotically) crossing-minimal, but we have no such reasons. However, we do find it intriguing that these constructions yield estimates of c P that are still very close to 1/8π 2 : they are not even 1% better. Can one come up with drawings of K n in the projective plane that show that c P is substantially smaller than 1/8π 2 ?
